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1. Introduction
In this paper we shall prove the following theorem.
Theorem 1.1. Let G be a ﬁnite group and S ∈ Syl3(G). Let H1 and H2 be subgroups of G containing S such
that:
i) H1 = NG(Z(O 3(H1))), O 3(H1) is extraspecial group of order 313 , H1/O 3(H1) ∼= 2Suz : 2 and
CH1 (O 3(H1)) = Z(O 3(H1)).
ii) H2/O 3(H2) ∼= Ω−8 (3) : 2, O 3(H2) is elementary abelian of order 38 and O 3(H2) is a natural
H2/O 3(H2)-module.
iii) (H1 ∩ H2)/O 3(H2) is an extension of an elementary abelian group of order 36 by 2.U4(3) : 22 .
Then G is isomorphic to the largest sporadic simple group, the Monster.
Our strategy for identifying the Monster group is to determine the structures of the centralizers of
involutions in G . We try to ﬁnd two involutions z and t in G such that CG (z) is a faithful extension
of an extraspecial 2-group of order 225 by Co1 and CG(t) ∼= 2.B where B is the baby monster group.
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U. Meierfrankenfeld and Y. Segev [GMS].
Theorem 1.2. Let G be a ﬁnite group containing two involutions z and t such that F ∗(CG (z)) = K is an
extraspecial 2-group of order 225 , CG(z)/K ∼= Co1 and CG(t) ∼= 2.B, where B is the baby monster group. Then
G is the Monster group.
We make use of the next theorem due to J. Bierbrauer [Bi] for identifying B , the baby monster
group.
Theorem 1.3. Let G be a ﬁnite group and z be an involution in G such that
1) F ∗(CG (z)) is an extraspecial 2-group of width 11, and
2) CG(z)/F ∗(CG (z)) is isomorphic to the second Conway group Co2 .
Then one of the following holds:
a) G = O (G)CG (z).
b) G is isomorphic to B, the baby monster group.
The following theorem is proved in [Sa2, Corollary 1.2].
Theorem 1.4. Let D be a ﬁnite group and S ∈ Syl3(D). Let D1 and D2 be subgroups of D containing S such
that:
i) D1 = ND(Z(O 3(D1))), O 3(D1) is extraspecial group of order 311 and exponent 3, D1/O 3(D1) ∼=
U5(2) : 2 and CD1 (O 3(D1)) = Z(O 3(D1)).
ii) O 3(D2) is an elementary abelian group of order 37 and D2/O 3(D2) ∼= Ω7(3) with natural action.
iii) D1 ∩ D2 = ND2(Z(O 3(D1))).
Then D is isomorphic to M(24)′ .
Theorem 1.1 has an application in the ongoing project of U. Meierfrankenfeld, B. Stellmacher and
G. Stroth to classify the groups of local characteristic p (see [MS] and [MSS]).
We keep our notations G, H1 and H2 as in Theorem 1.1. Throughout this article all the groups
are ﬁnite. We use the atlas [AT] notations for group extensions and simple groups except for orthog-
onal groups and symplectic groups. We use the notation Ωn (q) and PSpn(q) instead of O

n(q) and
Sn(q), respectively. Also to denote Fischer’ groups we follow notation in [As3]. The other notation
follow [As1]. For a ﬁnite group G , O (G) is the largest normal subgroup of G of odd order. Let p be
a prime, a p-element x of a group G is called p-central, if CG(x) contains a Sylow p-subgroup of G .
For a p-group P , J (P ) is the Thompson subgroup of P . Let V be a vector space, P(V ) is the set of
1-dimensional subspaces of V . Let H be a ﬁnite group, V a GF(p)H-module and A  H , then we say
that A acts cubically on V if [V , A, A, A] = 1. Let T  T1  H be groups, then T is called strongly
closed in T1 with respect to H , if T h ∩ T1  T for each h ∈ H .
2. The centralizer of a non-3-central element
In this section we select an element g of order three in the group G and we shall show that
CG(g) ∼= 3M(24)′ . We make use of the following information about the action of H1/O 3,2(H1) ∼=
Suz : 2 on P(O 3(H1)/Z(O 3(H1))) (see [AT, p. 131]).
Lemma 2.1. H1/O 3,2(H1) has two orbits L and K on P(O 3(H1)/Z(O 3(H1))). Moreover;
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b) If X ∈ K then NH1/O 3,2(H1)(X) ∼= U5(2) : 2.
The next lemma follows from [AT, p. 141].
Lemma 2.2. Let X ∼= Ω−8 (3) and V be a natural GF(3)X-module. Then X has three orbits A,B and C onP(V ) such that:
i) The elements in A are isotropic points and for 〈x〉 ∈ A we have NX (〈x〉) is an extension of an elementary
abelian group of order 36 by 2U4(3) : 2. Further CX (x) is of index 2 in NX (〈x〉).
ii) The elements in B and C are non-isotropic points and for 〈x〉 ∈ B ∪ C we have NX (〈x〉) ∼= Ω7(3) : 2.
Further CX (x) is of index 2 in NX (〈x〉).
iii) Each hyperplane of V has one space from each of A,B and C .
Notations. Set Q ∼= O 3(H2), Y = O 3(H1), H12 = H1 ∩ H2 and let 〈τ 〉 = Z(Y ). Then by assumption Q
is a natural O 2(H2/Q )-module. So we adopt the notations A, B and C from Lemma 2.2 for orbits
of O 2(H2/Q ) on P(Q ). We remark that 〈τ 〉 ∈ A. We recall that Q is an orthogonal space and by τ⊥
we mean all elements orthogonal to τ .
Lemma 2.3.
i) |Q ∩ Y | = 37 and O 3(H12) = Q Y .
ii) Let z ∈ H1 be an involution such that zY ∈ Z(H1/Y ). Then CY (z) = Z(Y ).
iii) CH1 (z)/〈τ , z〉 ∼= Suz : 2.
iv) z acts ﬁxed point freely on τ⊥/〈τ 〉.
v) Set L = CQ (z). Then CH12 (z)/L ∼= 2U4(3) : 22 and CH2 (z)/L ∼= 2U4(3) : D8 .
vi) |L| = 9 and there is an element  in L such that  is conjugate to τ in CH2 (z) and  /∈ τ⊥ .
vii) τ−1 and τ are non-isotropic elements in L, which are conjugate in CH2 (z). In particular B ∪ C is one
orbit under the action of H2/Q on P(Q ).
Proof. By assumption Q and Y are subgroups of O 3(H12) and |O 3(H12)| = 314. Since Y is an ex-
traspecial group of order 313, we have |Q ∩ Y | 37. As |O 3(H12)| = 314 and Q Y  O 3(H12), we get
that |Q ∩ Y | = 37 and O 3(H12) = Q Y and i) holds.
Let z ∈ H1 be an involution such that zY ∈ Z(H1/Y ). We note that by [Ja], we get that the smallest
dimension of a 2Suz-module on a ﬁeld with three elements, is 12. Since by assumption CG(Y ) = Z(Y )
and zY ∈ Z(H1/Y ), z acts ﬁxed point freely on Y /Z(Y ) and ii) holds.
By ii), CH1 (z)/〈τ , z〉 ∼= Suz : 2 and iii) holds. Since zY ∈ Z(H1/Y ), we have zO 3(H12) ∈
Z(H12/O 3(H12)). By i) we get that H12/Y ∼= 6U4(3) : 22. Therefore by iii) and i) L is of order 9
and CH12 (z)/L ∼= 2U4(3) : 22.
We have L = 〈τ , 〉 with  /∈ τ⊥ . As CH12 (z)  CH1 (τ ), we have that τ is inverted in CH12 (z).
Furthermore we have that Y is inverted in Cτ ∩ C(z). This shows that CH12 (L)/L ∼= 2U4(3). We have
that CH2 (z)/CCH2 (z)(L) is a subgroup of GL2(3). By [AT, p. 141] we see that |CH2 (z) : CH12 (z)| = 2
and so CH2 (z)/L ∼= 2U4(3) : D8 and v) holds. Furthermore we may choose  such that  is conjugate
to τ in CH2 (z). Since τ and  are isotropic elements and  /∈ τ⊥ , we get that τ−1 and τ are non-
isotropic elements in L. As a dihedral group of order 8 acts on L, we have that also τ−1 and τ are
conjugate in CH2 (z).
Now let P = O 3(H12). Then in (Y ∩ Q ) there are the P -orbits  , τ and τ−1 . Hence τ and
τ−1 are representatives of the orbits B and C . As they are conjugate in CH2 (z) we have that B ∪ C
is one orbit under the action of H2, which proves vii). Now the lemma holds. 
The following lemma follows from [AT, p. 200].
Lemma 2.4. Let H ∼= M(24)′ . Then H has three classes, 3A,3B, 3C of subgroups of order three. Further;
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ii) If X ∈ 3B, then NH (X) is an extension of an extraspecial group of order 311 with U5(2) : 2.
iii) If X ∈ 3C, then NH (X) is an extension of an elementary abelian group of order 37 with 2.U4(3).
We note that U4(2) ∼= Ω5(3) (see [AT, p. 26]).
Theorem 2.5. If 〈g〉 ∈ P(Q ∩ Y ) \ A then CG(g)/〈g〉 ∼= M(24)′ . By notations in Lemma 2.4, 〈τ , g〉/〈g〉 is in
class 3B. Further if 1 = r ∈ CG(g) is of order three and CG(r, g) ∼= CG(τ , g), then 〈r, g〉 contains an element
conjugate to τ .
Proof. By Lemmas 2.2ii) and 2.3vii), we get that CH2 (g)/Q ∼= Ω7(3). We have that Q /〈g〉 is a natural
CH2 (g)/Q -module. Since Z(Y ) ∈ A and the elements in A are isotropic elements, by [AT, p. 106]
we get that CG(g, τ )/Q is an extension of an elementary abelian group of order 35 by U4(2). This
gives us that CH1 (s) contains a section isomorphic to U4(2). We remark that by Lemma 2.3ii) the
involution zY ∈ Z(H1/Y ) acts ﬁxed point freely on Y /Z(Y ). Since there is no section isomorphic
to U4(2) in M11, we get with Lemma 2.1i), ii) that CH1 (g)/CY (g) ∼= U5(2) : 2. Since Y is an extraspecial
group of order 313 and g ∈ Y , we get that CY (g)/〈g〉 is an extraspecial group of order 311. This gives
us that CH1 (g) contains a Sylow 3-subgroup of CG(g). Set L = CG (g)/〈g〉, Li = CHi (g)/〈g〉, i = 1,2,
and L3 = CH12 (g)/〈g〉. Now we see that the groups L and Li , i = 1,2,3, satisfy the conditions of
Theorem 1.4. Hence L ∼= M(24)′ and by Lemma 2.4 and the structure of L1, we get that 〈τ , g〉/〈g〉 is
in class 3B. Now let 1 = r ∈ CG(g) be of order three and CG(r, g) ∼= CG(τ , g). Then r〈g〉 is conjugate to
τ 〈g〉 in CG(g)/〈g〉. Therefore 〈r, g〉 contains an element conjugate to τ and the theorem is proved. 
3. A 2-central involution
In this section we show that G has an involution z such that the centralizer of z in G is a faithful
extension of an extraspecial group of order 225 by Co1.
Notations. We ﬁx an involution z ∈ H1 such that zY ∈ Z(H1/Y ). Then the structure of CH1 (z) and
CQ (z) is given in Lemma 2.3. We further take notations from there. In particular L = CQ (z),  ∈ L,
 is conjugate to τ in CH2 (z) and  /∈ τ⊥ . By Lemma 2.3vii) s = τ is a non-isotropic element in L. So
s is conjugate to some element in P(Q ∩ Y ) \ A in H2. In particular the structure of CG(s) is given
in Theorem 2.5. For the remainder of this paper we ﬁx these elements z,  and s. We further set
W = CG (z) and use bar notation for W /〈z〉.
Lemma 3.1.We have CG(s, z)/〈s〉 is an extension of an extraspecial 2-group of order 213 by 3U4(3).2. Further
O 2(CG(s, z))/〈z〉 is an irreducible CG(s, z)/O 3,2(CG (z, s))-module.
Proof. By Theorem 2.5 we have that CG (s)/〈s〉 ∼= M(24)′ . Since CH2 (z, s) contains a section iso-
morphic to 3U4(3).2, by Theorem 2.5 and [AT, p. 200] we get that CG(z, s)/〈s〉 is an extension of
an extraspecial group of order 213 by 3U4(3).2. By [As3, 29.9] O 2(CG(z, s))/〈z〉 is an irreducible
CG(s, z)/O 3,2(CG(z, s))-module and the lemma is proved. 
We are now going to show that W /O 2(W ) is isomorphic to Co1. Since by Lemma 2.3v) CH12 (z) is
an extension of an elementary abelian group of order 9 by 2U4(3) : 22, we see with [AT, p. 52] that
there is an elementary abelian subgroup E of order 36 in CH12 (z). Furthermore this group is uniquely
determined in a Sylow 3-subgroup of CH12 (z).
Lemma 3.2. Let E be an elementary abelian subgroup of order 36 in CH12 (z). Then NW (E)/E
∼= 2.M12 and
the extension splits.
Proof. By Lemma 2.3iii) and [AT, p. 128] we get that NCH1 (z)
(E)/E ∼= (2 × M11). On the other hand
by Lemma 2.3v) and [AT, p. 52] we get that NC (z)(E)/E
∼= (2 × A6)22. Since there is no subgroupH2
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second just has Sylow 2-subgroups of order 25, we conclude that NW (E) = NCH1 (z)(E).
Set X˜ = NCH1 (z)(E)/E . With [Sa1, Lemma 2.2] we see that X˜ has seven orbits L0, L1, L2, L3, L4,
L5, L6 on P(E) such that L0 = {〈τ 〉} and |L1| = |L2| = |L3| = 11 and |L4| = |L5| = |L6| = 110.
We ﬁx notation such that L1 = {〈 X˜ 〉}. Then X˜ acts 4-transitively on L1. We set L4 = {〈x1x2〉 X˜ ,
where 〈x1〉 and 〈x2〉 are two distinct elements from the orbit L1}, L1+i = {〈τ x〉 X˜ , where 〈x〉 ∈ Li},
L2+i = {〈τ−1x〉 X˜ , where 〈x〉 ∈ Li}, i = 1,4. We note that 〈s〉 ∈ L2. By Lemma 2.3v), vi) 〈τ 〉 is conju-
gate to 〈〉 in H2 ∩ W . Also by and Lemma 2.3v) and vii) we get that 〈s〉 is conjugate to 〈τ−1〉 in
H2 ∩ W . Hence under the action of NW (E)/E on P(E) we get that L0 and L1 are in the same orbit
and L2 and L3 are in the same orbit. We recall that by Theorem 2.5 τ is not conjugate to s in G . So
under the action of NW (E)/E we have L0 and L2 or L3 are not in the same orbit. If M = L0∪L1 and
one, two or three of L4,L5 and L6 are in the same orbit, then 61, 29 or 19 divides |NW (E)/E|, re-
spectively. But GL6(3) is a {2,3,5,7,11,13}-group. Therefore M is an orbit of NW (E)/E of length 12.
The stabilizer of every element of M in NW (E)/E is isomorphic to 2 × M11. In particular NW (E)/E
acts 5-transitively on M. Hence by [BH, Chapter XII, Theorem 3.4], we get that NW (E)/E is an exten-
sion of M12. As M12 does not have a faithful representation on GF(3) of dimension 6 (see [JLPW]) so
NW (E)/E is not isomorphic to 2× M12. Hence NW (E)/E ∼= 2.M12 and the lemma is proved. 
Lemma 3.3. Let E be as in Lemma 3.2. Choose a complement X of E in NW (E). Then X has three orbits M,I
and J on P(E) such that:
i) |M| = 12 and X acts 5-transitively on M. For an element 〈x〉 of M, we have CX (x) ∼= M11 and
NX (〈x〉) ∼= 2× M11 .
ii) |I| = 132 and for an element 〈x〉 of I , we have NX (〈x〉) ∼= A6.2 × 2 and x = yz where 〈y〉 and 〈z〉 are
two distinct elements of M.
iii) |J | = 220 and for an element 〈x〉 of J , we have NX (〈x〉) is an extension of an elementary abelian group
of order 9 by GL2(3) × 2 and x = r yz where 〈r〉, 〈y〉 and 〈z〉 are three distinct elements of M.
iv) Let U 1 be a Sylow 3-subgroup of NX (〈τ 〉). Then |CE (U 1)| = 33 , the action of U 1 on E is cubic and
[E,U 1]U1 is a special 3-group of order 37 and exponent 3 with center of order 27.
v) Let x = x1x2x3 where 〈x1〉, 〈x2〉 and 〈x3〉 are three distinct elements of M. Then |O 3(CX (x1)∩ CX (x))| =
9 = |O 3(CX (x3x2) ∩ CX (x))| and [E, X1]X1 is the unique extraspecial 3-group of order 35 in ECX (x)
where X1 = O 3(CX (x)). Also, O 3(CX (x)) does not centralize any element of the orbit M and acts cubi-
cally on E.
vi) Let T ∈ Syl3(E X), then E is a characteristic subgroup of T .
vii) Let x ∈ X and 〈x1x2〉 ∈ I where 〈x1〉 and 〈x2〉 are two distinct elements of M. If x centralizes x1x2 , then
x2 centralizes each xi , i = 1,2.
Proof. This is [Sa1, Lemma 2.1]. 
Further notations. Set K = NW (E), b = −1τ and X = 〈τ , , δ〉 where 1 = δ ∈ E is conjugate to τ
in K . Let T = 〈τδ〉. We denote by M, I and J the orbits of K on P(E) such that 〈τ 〉 ∈ M, 〈s〉 ∈ I
and T ∈ J .
Lemma 3.4.
i) NK (X)/CK (X) ∼= 2× S4 and acts 2-transitively on {T NK (X)}. Further |{T NK (X)}| = 4.
ii) There is an extraspecial normal subgroup R in CK (T ) ∩ NK (X) containing b. In particular T  CK (T ,b)′ .
iii) δ is conjugate to δ−1 in CW (, τ ).
Proof. By [Sa1, Lemmas 2.2 and 2.3] we get that CK (X)/E is an extension of an elementary abelian
group of order 9 by Z2 and δ is conjugate to δ−1 in CK (τ , ). We have that K is 5-transitive on M
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bilizer and setwise stabilizer of M ∩ P(X) in K/O 3,2(K ) are an extension of an elementary abelian
group of order 9 by Q 8 and an extension of an elementary abelian group of order 9 by GL2(3), respec-
tively. Notice that the involution 1 = r〈z, E〉 ∈ Z(K/〈z, E〉) inverts E . Therefore NK (X)/CK (X) ∼= 2× S4.
We have |J ∩ P(X)| = 4 and so NK (X) is 2-transitive on conjugates of T in X . Now i) and iii) hold.
By i) and Lemma 3.3iii) we get that NK (X)∩ CK (T ) contains a Sylow 3-subgroup of NK (T ). There-
fore by Lemma 3.3v) we get that there is an elementary abelian group A of order 9 in NK (X) such
that [E, A]A = R is the unique extraspecial normal subgroup of order 35 in NK (T ). Further there is an
element a ∈ A such that CX (a) = T and τ a =  , δa = τ and a = δ. This shows that [τ ,a] = b−1 ∈ R
and so b ∈ R . Now the lemma is proved. 
Lemma 3.5. There is an extraspecial subgroup U of order 225 with center 〈z〉 in W such that NW (U )/U ∼= Co1 .
Further
i) CNG (U )(s) = CW (s) and O 2(CW (s)) U .
ii) CW (T ) = CNG (U )(T ), O 2(CW (T )) is an extraspecial group of order 27 and O 2(CW (T ))  U . Further
CW (T )/O 2(CW (T )) is an extension of an extraspecial group of order 35 with Sp4(3).
iii) CW (τ ) NG(U ).
iv) K  NG(U ).
Proof. We have L = 〈τ , 〉 and by Lemma 2.3v) we get that CW (L) contains a section isomorphic to
U4(3). This, Lemma 2.3iii) and [AT, p. 131] give us that CW (L)/〈L, z〉 ∼= U4(3). We have τ is conjugate
to δ in W and so by Lemma 2.3iii) we have that CW (δ)/〈δ, z〉 ∼= Suz. By Lemma 3.1 and Lemma 2.3vii)
we get that CG(b, z)/〈b〉 is an extension of an extraspecial 2-group of order 213 by 3U4(3) : 2. As
s ∈ L, this gives that s acts ﬁxed point freely on O 2(CW (b))/〈z〉. Now we will determine the action
of δ on O 2(CW (b)). Set W1 = CO 2(CW (b))(δ). Let P1 be a Sylow 3-subgroup of CW (b, δ). Then P1 is
of order 38 and normalizes W1. But W1P1 is a subgroup of CW (δ) ∼= 6Suz and the only 2-group in
there which is normalized by a full Sylow 3-subgroup is the center 〈z〉. So we have that W1 = 〈z〉. An
identical argument also shows that CO 2(CW (s))(δ) = 〈z〉.
We now act with 〈s, δ〉 on O 2(CW (b)). By coprime action we get that
O 2
(
CW (b)
)= CO2(CW (b))(T )CO2(CW (b))
(
sδ−1
)
.
By Lemma 3.4iii) we have that T is conjugate to 〈sδ−1〉 in CW (b). This now gives that
∣∣CO2(CW (b))(T )
∣∣= ∣∣CO2(CW (b))
(
sδ−1
)∣∣= 27.
Set Q T = CO 2(CW (b))(T ). We are going to show that T is conjugate to 〈τ 〉 in G . We have that CW (b, T )
contains an extension of Q T by a 3-group of order 35 and then by SL2(3). For this see the structure
of the centralizer of a 3-central element in U4(3) [AT, p. 52]. In particular we have that 210 divides
the order of CG(b, T ). By Lemma 2.3vii) and Theorem 2.5 we have CG(b)/〈b〉 ∼= M(24)′ . Now we get
by [AT, p. 200] that T is of type 3A or 3B. By Lemma 3.4ii) we have that T ∈ CK (b, T )′ . This shows
that T is of type 3B. Now by Theorem 2.5, we conclude that 〈T ,b〉 contains a conjugate of τ . As by
Lemma 3.3ii), 〈Tb〉 and 〈Tb−1〉 are conjugate to 〈b〉 in W , we get that T is conjugate to 〈τ 〉 in G .
We now have that CG(T ) is an extension of an extraspecial group of order 313 by 2Suz. Fur-
thermore CW (T ) contains an extraspecial group of order 27, which is normalized by E . If z corre-
sponds to the involution z1 in O 3,2(CG (T )), then we get a contradiction with Lemma 2.3iii). So, by
[AT, p. 131], we get that CG(T , z)O 3,2(CG(T ))/O 3,2(CG(T )) is an extension of an extraspecial group
of order 27 by PSp4(3). Further Q 1 = CO 3(CG (T ))(z) > T . By Lemma 3.3vi) we get that |W |3 = 39. Since|PSp4(3)|3 = 34, |Q 1| 35. As |CE (Q T )| 33, we conclude that Q 1 is of order 35 and also centralized
by Q T . Further CG(T ) induces Sp4(3) on CO 3(CG (T ))(z). So we have shown that Q T = O 2(CW (T )). For
g ∈ W set Q T g = O 2(CW (T g)). Then we have Q T g = Q gT .
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As by Lemma 3.4i), NK (X) acts 2-transitively on {T g, g ∈ NK (X)}, it also acts 2-transitively on
{Q T g , g ∈ NK (X)}. In particular any two Q T g and Q Th commute, g,h ∈ NK (X). This shows that U
is an extraspecial 2-group. As it is generated by four groups of order 27, we see that |U | = 225. Fur-
ther by construction NK (X) acts on U .
Let P be a Sylow 3-subgroup of CK (T ). Then |P | = 39 and P ∈ Syl3(W ). Hence by Lemmas 3.3v)
and 3.4ii) P contains exactly one extraspecial group of order 35, say R , which contains b. This tells us
that R = O 3(CW (T )) = Q 1. Furthermore NW (T ) = NW (R).
We are now going to show that NW (R) acts on U . Let X1 be any subgroup of order 9 in R such
that T  X1. Then there is one R-orbit of length three on subgroups of order three in X1 different
from T . This gives that CU (x) is of order 21+12 for 〈x〉 in this orbit. Now CU (x) = CU (R)[CU (x), T ] and
[CU (x), T ] is extraspecial of order 27. As CU (x) is normalized by an extraspecial group R1 of order
33 in R we see that R1 acts irreducibly on [CU (x), T ]. We have b ∈ R . As Sp4(3) is induced on R
by NW (R), all elements in R \ T are conjugate to b. But CU (b) = O 2(CW (b)) by construction of U .
Hence CU (x) = O 2(CW (x)) for all x ∈ R \ T . This now shows that
U = 〈O 2(CW (x))
∣∣ x ∈ bNW (R)〉.
Hence NW (R) acts on U . In particular NW (T ) = NNG (U )(T ) and ii) holds.
We now have that NK (X) and NNW (R)(E) act on U . By Lemma 3.3iii) we have that these two
groups generate K . Hence NW (E) acts on U and iv) holds. This now shows that we have that
NG(U )/U = 〈NW (E),NW (R)〉/U ∼= Co1 by [Sa1, Theorem 1.1].
We are going to prove i). For this we set
W2 = CW (b)/
〈
b, O 2
(
CW (b)
)〉
.
Then W2 ∼= 3U4(3) : 2. We have that
NCW (b)(E)/E
∼= A6 : 2
by Lemma 3.3ii). Further CW (b, T )O 2(CW (b))/O 2,3(CW (b)) is an extension of an extraspecial group of
order 35 by SL2(3) : 2. Both groups are contained in NG(U ). These two groups cover the two parabol-
ics of U4(3) containing a given Sylow 3-subgroup. So we see that CNG (U )(b)/CU (b) ∼= 32U4(3) : 2. As
b is conjugate to s in NK (X) and so s is conjugate to b in NG(U ), we have i).
We have CW (L)/〈L, z〉 ∼= U4(3) and by i) CW (L)  NG(U ). Also by iv) CK (τ )  NG(U ). Now by
[AT, p. 131] and Lemma 2.3iii) we get that these two subgroups are two maximal subgroups of CW (τ )
and hence iii) holds. Now the lemma is proved. 
In the remainder of this paper, we keep the notation U as in Lemma 3.5. We are going to show
that U is strongly closed in NW (U ) with respect to W . Then we will invoke Goldschmidt’s theorem
[Go] to show that W = NG(U ). The next lemma is known but for convenience of the reader we give
a proof.
Lemma 3.6. Let V be a module over GF(2) for G = Ω+8 (2) such that |V | = 29 and contains B, the natural
module. Then V splits over B.
Proof. Let H be the point stabilizer on the natural module in G . Then O 2(H) is elementary abelian
of order 64 and H/O 2(H) ∼= A8. On B we have the following series
1 < W1 < W2 < B
where |W1| = 2, |B/W2| = 2, W2 = [B, O 2(H)] and [W2, O 2(H)] = W1. As H does not possess
a subgroup of index two we have that [V , O 2(H)] = W2. As W2/W1 is isomorphic to O 2(H) as
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[V1, O 2(H)] = W1 and so as |O 2(H)| = 26, we see that CV1 (O 2(H)) = V2 is of order 4. But then also
[V2, H] = 1. Now V = BV2 and the assertion follows with a theorem of Gaschütz. 
Lemma 3.7.
i) If 1 = u ∈ U , then CNG (U )(u)/U ∼= Co2 , Co3 or 211M24 .
ii) In NG(U ) we have four conjugacy classes of elements of order three with representatives τ , s, sδ and x,
where CNG (U )/U (x) ∼= 〈x〉 × A9 . If y ∈ {τ , s, sδ}, then CW (y)  NG(U ). Further in W we have that no
two elements in {τ , s, sδ, x} are conjugate.
Proof. We note that by [Gr] we get that there is a unique 24-dimensional representation for Co1 on
GF(2). Now i) can be found in [AT, p. 183]. By [AT, p. 183] we have exactly four classes of elements
of order three in Co1, whose centralizers are 3Suz, an extension of an extraspecial group of order 35
by Sp4(3), 3
2U4(3) : 2 and 3× A9. Hence we also have exactly four classes of elements of order three
in NG(U ). By Lemma 3.5i), ii), iii) we have that CW (a)  NG(U ) for a ∈ {sδ, s, τ }. We now just have
to prove that x is not conjugate to either of τ , s or sδ in W . As A9 is not involved in Sp4(3) or U4(3)
we get that x is not conjugate to s and sδ.
Let F be a Sylow 3-subgroup of CNG (U )(x). Then F = 〈x〉 × F1, with F1 ∼= Z3  Z3. As F is not a
Sylow 3-subgroup of NG(U ), we see that there is a subgroup of order 9 in F such that three of the
subgroups of order three are conjugated to 〈x〉 in NG(U ). This shows that x cannot act ﬁxed point
freely on U . But Suz does not contain a non-trivial 2-group, which is normalized by A9. In particular
x is not conjugate to τ in W and the lemma holds. 
Lemma 3.8.
i) If 1 = u ∈ U , then NG(U ) contains a Sylow 3-subgroup of CW (u).
ii) If u ∈ NG(U ) \ U such that u2 ∈ 〈z〉, then u is centralized by some element y of order three, which is not
conjugate to x in NG(U ).
Proof. Let P be a Sylow 3-subgroup of CNG (U )(u). Then by Lemma 3.7i) P1 = Z(P ) ∩ P ′ = 1. As x /∈
CNG (U )(x)
′ , no element in P1 is conjugate to x in NG(U ). Therefore, by Lemma 3.5ii), for all 1 = y ∈ P1,
we have CW (y)  NG(U ). Suppose there is P2  CW (u) with |P2 : P | = 3. Then CP1 (P2) = 1 and so
P2  NG(U ), a contradiction. This proves i).
By [AT, p. 183] we have three classes of involutions in NG(U )/U with representatives iU , jU
and kU . We have also that CNG (U )/U (iU ) is an extension of an extraspecial group of order 2
9 by
Ω+8 (2), CNG (U )/U ( jU ) ∼= (22 × G2(4)) : 2 and CNG (U )/U (kU ) is an extension of an elementary abelian
group of order 211 by M12 : 2.
As by Lemma 3.7i) we have that elements of order 13 act ﬁxed point freely on U and 13 di-
vides |G2(4)|, we see that |[U , j]| = 212. Hence all involutions in jU are conjugate and centralized
by G2(4). As a Sylow 3-subgroup of G2(4) is non-abelian, we have that it contains some 3-element
not conjugate to x.
By Lemma 3.7i) we have that CNG (U )/U (iU ) does not centralize some element in U
 . Hence we
have that |[U , i]| = 28 and so |CU (i)| = 216. By Lemma 3.6 we have that 〈i[U , i],CU (i)/[U , i]〉 splits as
an Ω+8 (2)-module. Hence the involutions in Ui are centralized by Ω
+
8 (2), Sp6(2) or Ω
+
6 (2)
∼= A8. In
the ﬁrst two cases the centralizers have non-abelian Sylow 3-subgroup and we get the assertion as
above. So assume we have that the involution i˜ ∈ Ui is centralized by A8. In NG(U )/U this A8 acts on
an extension of O 2(CNG (U )/U (iU )) by an elementary abelian group of order 2
6. Hence we have some
3-element 1 = yU ∈ CNG (U )/U (i˜), which centralizes in this group a subgroup of order at least 27. But
27 does not divide the order of CNG (U )/U (xU ) and so y is not conjugate to x, the assertion.
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sion of an elementary abelian group of order 211 by M24. We have that E1 acts on U as follows
1 < V1 < V2 < V3 < U
with |V1| = 2, |V2| = 212 and [O 2(E1), V2] = V1, |V3/V2| = 211 and |U : V3| = 2 and [U , O 2(E1)]/
V2 = V3/V2. Recall that by Lemma 3.7i) E1 has a ﬁxed point in U . Hence the assertion about V1 and
V2 follows. As U is self-dual we get the other statements. This now gives
∣∣[k,U ]/V2
∣∣= 2 and ∣∣[V2,k]
∣∣= 2.
As CNG (U )/U (kU ) acts on [U ,k] and |[U ,k]| > 4, we see that |[U ,k] ∩ V2| = 211 and so we have that
|[U ,k]| = 212 and then all involutions in Uk are conjugate.
Hence they are all centralized by M12, which has a non-abelian Sylow 3-subgroup and so as above
contains some 3-element, which is not conjugate to x. This completes the proof. 
Theorem 3.9.We have U W and W /U ∼= Co1 .
Proof. Let b ∈ NG(U ) with b2 ∈ 〈z〉 and g ∈ W with bg ∈ U . Suppose b /∈ U . By Lemma 3.8ii) there is a
3-element 1 = y ∈ NG(U ) with [b, y] = 1 and y is not conjugate to x in W . We have that [yg,bg] = 1.
By Lemma 3.8i) there is some 1 = h ∈ CW (bg) with (yg)h ∈ CNG (U )(bg). By Lemma 3.7ii) there is
1 = v ∈ NG(U ) with (ygh)v = y. In particular ghv ∈ CW (y). As y is not conjugate to x, we have by
Lemma 3.7ii) that ghv ∈ NG(U ). Hence gh ∈ NG(U ). As bgh = bg , we have that bgh ∈ U , but then also
b ∈ U , a contradiction.
So we have shown that U is strongly closed in NG(U ) with respect to W . Application of Gold-
schmidt’s Theorem [Go] now gives the assertion of the theorem. 
4. Proof of theorem 1.1
In this short section we prove Theorem 1.1. By [As3, 34.13] there is an involution t ∈ O 2(CG(s, z))
such that t is not conjugate to z in CG(s) and CG(s, t)/〈s〉 ∼= 2.M(22) : 2. Set W˜1 = CG(t)/〈t〉.
Lemma 4.1. W˜1 ∼= B, the baby monster group. In particular W1 ∼= 2.B.
Proof. As CG(s, t)/〈s〉 ∼= 2M(22) : 2, by Theorem 3.9 and the Lagrange theorem t is not conjugate
to z in G . By Theorem 3.9 and [As2, Lemmas 32.1 and 32.2] we get that W˜2 = CG (z, t)/〈t〉 is an
extension of an extraspecial 2-group of order 223 by Co2. Now applying Theorem 1.3 we have either
W˜1 = O (W˜1)W˜2 or W˜1 ∼= B . Since CG(s, t)/〈s〉 ∼= 2M(22) : 2, the case W˜1 = O (W˜1)W˜2 does not
happen. Hence W˜1 ∼= B . Since t ∈ O 2,3(CG(s, t)) and O 2,3(CG (s, t)) ∼= 2.M(22), we get that W1 ∼= 2.B
and the lemma is proved. 
Now Theorem 1.1 follows from Theorem 3.9, Lemma 4.1 and Theorem 1.2.
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